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Details of benchmark neutron multiplicity measurements of the 4.484 kg Beryllium Reflected Plutonium
(BeRP) ball inside of various reflectors. Measurements were performed with an Ortec Fission Meter neutron
multiplicity counter. Measurements were made of the bare BeRP Ball, the BeRP Ball inside 3 inch thick
polyethylene, nickel, and tungsten, and the polyethylene with an additional 2 inch thick steel reflector. For
every measurement, the mass mS of 240Pu, keff , multiplication M , and escape multiplication ME are reported.
For each individual measurement, the measured mass mS of 240Pu in the BeRP Ball was within 20.7 grams
(closest edge of measurement errorbar to closest edge of errorbar for reference mS from isotopics). The
combined measurement of the mass of 240Pu mS = 267 ± 7 grams which compared very favorably to the
known value from isotopics of mS = 266.8± 0.5 grams.

I. INTRODUCTION

These subcritical experiments with the Beryllium Re-
flected Plutonium (BeRP) ball inside of nickel and tung-
sten reflectors measured the mass of the 240Pu mS in the
BeRP Ball and the resulting multiplication M where

M =
1

1− keff
(1)

ME =
1− p

1− keff
(2)

The quantity keff = νp where p is the probability that a
free neutron induces a fission in a 239Pu atom and ν is
the average number of neutrons created by an induced
fission of 239Pu. The BeRP Ball is a 4.484 kg sphere of
α-phase plutonium.1
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II. EXPERIMENT

Experiments were performed with an ORTEC Fission
Meter2–4 (Serial Number FMP1). The Fission Meter was
oriented upright in the folded or open configurations. In
the folded configuration, the 3He tubes were facing out-
ward and the high-density polyethylene (poly) modera-
tor was sandwiched between the rows of tubes. This is
referred to as the “tubes-poly-poly-tubes” or “TPPT”
configuration. The front face of the Fission Meter was
the specified distance from the center of the BeRP Ball.
In the open configuration, the tubes faced the BeRP Ball
and the perpendicular distance from the center of each
panel was equidistant to the center of the BeRP Ball.

The digital outputs of each channel of the Fission Me-
ter were connected to a “time tagger suitcase” which was
a system that logged the arrival time of each neutron to
create time-tagged list-mode data.

This time-tagged data was then analyzed by break-
ing the observation time up into successive time gates
T and counting the number of neutrons detected within
each. For each value of T , a multiplicity histogram was
created. Suppose in an experiment, N time gates of du-
ration T were examined, and let Bn(T ) be the number
of those time gates in which n neutrons were detected.
So for example, suppose that during the first time gate,
four neutrons were counted; B4 would be incremented by
one. During the next time gate, say two neutrons were
counted; B2 would be incremented by one, and so on for
all N time gates of a given duration T . In this way, the
count distribution Bn(T ) is built up. The probability
distribution bn(T ) ≈ Bn(T )/N for N ≫ 1.

This process was then repeated for numerous different
values of T in such a way that no neutron was reused
in time gates of different values of T . This non-reuse of
neutrons procedure avoided difficulties with the unknown
covariance between Bn(T ) among the various values of n
across the different values of T .

The α-phase plutonium sphere, known as the BeRP
(Beryllium Reflected Plutonium) ball,1 weighed approx-
imately 4.484 kg and had a mean diameter of 7.5876 cm.
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Total Weight Weight of
Mass (g)

Isotope
Fraction (%) Isotope (g)

238Pu 0.02 0.9
239Pu 93.735 ± .005 4202.97 ± 0.22

4483.884 240Pu 5.95 ± .01 266.8 ± 0.5
241Pu 0.2685 ± .0005 12.039 ± 0.022
242Pu 0.028 1.3

TABLE I. BeRP Ball specifications.1

The isotopic details of the BeRP Ball are shown in Table
I.

The reflectors were comprised of nesting hemishells
which fit around the BeRP Ball. The nested hemishells
allowed varying thicknesses. Except for the steel, all re-
flectors fit tightly around the BeRP Ball. The steel fit
tightly around the 3 inch thick polyethylene.

In addition to measurements with the BeRP Ball inside
the various reflectors, a 252Cf source was placed inside
the same reflectors to establish the detection efficiency
for the given configuration. The Fission Meter was at
the same distance and in the same configuration as the
corresponding measurement with the BeRP Ball.

III. STATISTICAL THEORY OF FISSION CHAINS

A. Statistical Relationship Between the Neutron
Multiplicity Distribution and the Source Parameters

The first piece of the statistical theory of fission chains
is the probability Pn that a fission chain, initiated by
a single neutron inducing a fission, creates n neutrons
that become available for detection. There is no simple
formula for the probabilities Pn for various values of n,
but it is possible instead to give a formula for the sum of
a power series whose coefficients are the probabilities Pn
that we’re interested in.5 A generating function can be
constructed by simply multiplying the probabilities Pn
by xn and summing over n:

/P(x) =

∞∑
n=0

Pnxn (3)

where, throughout, the Feynman-slash notation denotes
the generating function corresponding to a probability
distribution.

Starting with the probability p that a neutron induces
a fission and the probability Cν that an induced fission in
239Pu creates ν neutrons, shown in Table II, the gener-
ating function for the number of neutrons a fission chain
creates satisfies the equation6

−/P(y) + (1− p)y + p /C
[
/P(y)

]
= 0 (4)

The solution to Eq. 4 is7

/P(y) = (1− p)y + yn
∞∑
k=1

Pp(k|n+ k)

k + n

∑
ν0,ν1,ν2,···

k!

ν0!ν1!ν2! · · ·
(Cν00 Cν11 Cν22 · · · ) (5)

where

Pp(k|n+ k) =
(k + n)!

k!n!
pk(1− p)n (6)

is the binomial distribution8 for k “sucesses” out of k+n
trials if the probability of a “success” is p, and where ν0

is the number of fissions which produce zero neutrons,
ν1 is the number of fissions which produce one neutron,
ν2 the number of fissions which produce two neutrons,
and so on. The quantity k here has the interpretation of
the total number of fissions in the chain. The probability
distribution Pn that we want are the coefficients on yn

as shown in Eq. 3.

For fission chains initiated by spontaneous fission, it
becomes necessary to compute the probability distribu-
tion PSn which is the probability that a fission chain
initiated by a spontaneous fission creates n neutrons.
Starting with the probability CSν that a spontaneous

fission in 240Pu creates ν neutrons, shown in Table II,
the generating function for the number of neutrons a
spontaneous fission-initiated fission chain creates, /PS(y),
can be calculated by repeated application of the con-
volution theorem.7 The generating function /S(z) of the
sum of two independent random variables x1 and x2 is
the product of the generating functions for x1 and x2;
/S(z) = /x1(z)/x2(z). For a compound process, the gener-
ating function of a sum of a random number of random
variables x1, x2, · · · , xn where n is itself a random vari-
able with generating function /n(z) is /n(/S(z)). The gener-
ating function for the number of neutrons a spontaneous
fission-initiated fission chain creates is

/PS(y) = /CS(/P(y)) (7)

where the generating function /P(y) is substituted in for
the argument of the generating function /CS(x). Again,
the probability distribution PSn that we want are the
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coefficients on yn in Eq. 7.

Applying the same logic developed for a compound
process again, the probability eSm of detecting m of the
n neutrons created by the spontaneous fission-initiated
fission chain is calculated as

/eS(y) = /PS (/ε (y)) (8)

= /CS

(
/P (/ε (y))

)
(9)

where in the absence of double-pulsing, the generating

function /ε(y) for a detection efficiency of ε is

/ε(y) = (1− ε) + εy (10)

The average number of instances of detecting k neu-
trons from a single fission chain within the time gate T is
thus the product of eSm and ∆mk (summed over m with
the Einstein summation convention),

Λk(T ) = eSm∆mk (11)

where

∆mk =

(
m
k

)
∫ 0

−∞

[∫ T

0

e−λ(t−s)λ dt

]k [
1−

∫ T

0

e−λ(t−s)λ dt

]m−k
FS ds

+

∫ T

0

[∫ T

s

e−λ(t−s)λ dt

]k [
1−

∫ T

s

e−λ(t−s)λ dt

]m−k
FS ds


=
FS

λ

(
m
k

)
B[(1− e−λT ); k, m− k] (12)

is the probability of detecting k out of the total m de-
tected neutrons within the time gate T and where λ is
the inverse of the neutron diffusion time.9 This is just a
binomial distribution where the first term accounts for
neutrons created before the time gate T and the second
term accounts for neutrons created during the time gate
T . The integrals evaluate to an incomplete Beta func-
tion B(z; a, b). The term FS is the rate of spontaneous
fissions,

FS =
NA

A

ln 2

t1/2

t1/2

tSF
1/2

mS (13)

where mS is the mass of the spontaneously fissioning iso-
tope (240Pu in this case). The half-life was taken to be
t1/2 = 6562.8 years and the half-life against spontaneous

fission was taken as tSF
1/2 = 1.151× 1011 years.

The multiplicity distribution bj(T ) can be computed
from the Λk(T ) with the generating function

/b(z) = e[
∑∞

k=1(zk−1)Λk] (14)

along with a choice for the duration of the time gate T
and knowledge of the inverse of the neutron diffusion time
λ.

The resulting values for bn(T ) were then compared to
the measured count distributions Bn(T ) to optimize the
system’s remaining parameters keff , ε, and mS using the
method of least squares,

χ2 =
∑

T,Bn 6=0

(Bn −Nbn)2

Nbn
(15)

where the sum ran over values of T and Bn(T ) 6= 0. The
system parameters keff , ε, and mS were taken as those
that minimized χ2 → χ2

min.

It can be shown that even if the resulting χ2 does not
follow the usual χ2 distribution as a function of the pa-
rameters, the central confidence interval can still be ap-
proximated by using

χ2(θ+σ
−σ) = χ2

min + ∆χ2 (16)

where θ is the vector of parameters keff , ε, and mS.10,11

The value of ∆χ2 was taken as10,11

∆χ2 = F−1
χ2

(
1− erf

(√
2
−1
)
, nDOF

)
(17)

where F−1
χ2 is the inverse of the cumulative distribution

for the χ2 distribution and where erf is the error fuction

which, with an argument of
√

2
−1

, gives the usual 1σ
probability of 68.27% confidence. The quantity nDOF

was the number of degrees of freedom which was equal
to the number of values of Bn(T ) 6= 0 minus three for
the three remaining system parameters we desired, keff ,
ε, and mS.

The parameter space of keff , ε, and mS was explored

to locate k̂eff , ε̂, and m̂S that correspond to χ2
min. In

addition, the parameter space was explored to find those
values of keff , ε, and mS corresponding to χ2(θ+σ

−σ) =
χ2

min + ∆χ2.

Comparison of the measured multiplicity distributions
to theoretical multiplicity distributions requires prior
knowledge of λ.
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B. Statistical Relationship Between the Neutron
Multiplicity Distribution and λ

The rate of counting j neutrons all coming from the
same fission chain can be determined by computing the

combinatorial moments of the Λk(T ),

Yj(T ) =

∞∑
k=j

(
k
j

)
Λk(T ) (18)

An explicit form for Yj(T ) is obtained by substituting
Eq. 11 into Eq. 18,

Yj(T ) =

∞∑
n=j

PSn

(
n
j

)
εjFS

{(
1− e−λT

)j
λj

+ T − 1

λ

j−1∑
n=0

B[(1− e−λT ); j − n, 1]

}
(19)

where B(z; a, b) is the incomplete beta function.12 We
can define the leading terms to be

Rj =

∞∑
n=j

PSn

(
n
j

)
εjFS (20)

resulting in

Y1(T ) = R1T (21)

Y2(T ) = R2

(
T − 1− e−λT

λ

)
(22)

It is convenient to define

Y2F =
Y2

Y1
(23)

R2F =
R2

R1
(24)

Applying Eqs. 21 and 22, the quantity of interest is found
to be13–16

Y2F(T ) = R2F

(
1− 1− e−λT

λT

)
(25)

To extract the rates Yj(T ) experimentally from a mea-
sured count distribution Bn(T ) ≈ Nbn(T ) for N ≫ 1
randomly-triggered time gates of length T requires the
combinatorial moments of the count distribution,

Mj(T ) =
1

N

∞∑
n=j

(
n
j

)
Bn(T ) (26)

These can be computed from the generating function
/b(z), Eq. 14, as

Mj =
1

j!

dj/b

dzj

∣∣∣∣
z=1

(27)

The Mj for j = 1, 2 expressed in terms of the Λk are

M1 =

∞∑
k=1

(
k
1

)
Λk (28)

= Y1 (29)

M2 =

∞∑
k=2

(
k
2

)
Λk +

1

2!

[ ∞∑
k=1

(
k
1

)
Λk

]2

(30)

= Y2 +
Y 2

1

2!
(31)

Solving for Y1 and Y2 in terms of M1 and M2 yields

Y1 =M1 (32)

Y2 =M2 −
M2

1

2!
(33)

leading to

Y2F(T ) =
M2(T )

M1(T )
− M1(T )

2!
(34)

As a practical matter, the combinatorial moments Mj

of the counting distribution Bn(T ) are easy to compute
from Eq. 26.

The quantities λ and R2F are determined by minimiz-
ing

χ2 = E2F
T W−1 E2F (35)

where the superscript T denotes transpose and where the
error vector E2F is defined as

E2F =
M2(Ti)

M1(Ti)
− M1(Ti)

2!
−R2F

(
1− 1− e−λTi

λTi

)
(36)

and is understood to be a column vector corresponding
to the values for Ti. The covariance matrix W depends
on how the different values of T are chosen: we have
avoided using the same neutron counts to populate count
distributions with different values of T so that W will be
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approximately diagonal,

W =


σ2
Y2F

(T1) 0σ2
Y2F

(T2)
σ2
Y2F

(T3)

0 σ2
Y2F

(T4)
. . .


(37)

The count distribution Bn(T ) is fundamentally a
multinomial distribution: For a given time gate of du-
ration T , there are N independent observations with B0

cases of zero neutrons counted, B1 cases of one neutron
counted, B2 cases of two neutrons counted, and so on up
to some Bnmax cases of nmax neutrons counted. The total
number of time gates N is a fixed number however with

N =

nmax∑
n=0

Bn (38)

The numbers for any two Bn are thus negatively cor-
related; if there are a greater-than-average number of
time gates where a particular number n of neutrons were
counted, then the probability is increased that there are
a fewer-than-average number of time gates where a dif-
ferent number m (m 6= n) of neutrons have been counted.
In general, the covariance matrix for a multinomial dis-
tribution is

Vmn =


−Nbmbn m 6= n

Nbn (1− bn) m = n

(39)

This covariance matrix can also easily be written in terms
of the count distributions directly as

Vmn =


−BmBn

N
m 6= n

Bn

(
1− Bn

N

)
m = n

(40)

To compute the statistical errors on Y2F, we define the
row vector

D2F =
∂Y2F

∂Bn
(41)

which are of length nmax. It is straight forward to show
that

∂Y2F

∂Bn
=

(
n
2

)
1

M1N
− nY2F

M1N
− n

N
(42)

The variance on Y2F is then calculated in the usual way
as

σ2
Y2F

= D2F V D2F
T (43)

Cν CSν

239Pu
(1 MeV)

240Pu 252Cf

0 0.0084842 0.0631852 0.00211 0.00209 0.00217
1 0.0790030 0.2319644 0.02467 0.02621 0.02556
2 0.2536175 0.3333230 0.12290 0.12620 0.12541
3 0.3289870 0.2528207 0.27144 0.27520 0.27433
4 0.2328111 0.0986461 0.30763 0.30180 0.30517

n
5 0.0800161 0.0180199 0.18770 0.18460 0.18523
6 0.0155581 0.0020406 0.06770 0.06680 0.06607
7 0.0011760 0.01406 0.01500 0.01414
8 0.0003469 0.00167 0.00210 0.00186
9 0.00010 0.00006

ν1 3.0089 2.1540 3.7727 3.7570 3.7570

ν2 3.7054 1.8945 6.0212 5.9844 5.9740

ν2/ν1 1.2315 0.8795 1.5960 1.5929 1.5901

Reference 17 17 18 19 20

TABLE II. Measured values of Cν for 239Pu, and CSν for
240Pu and 252Cf. For 252Cf, we took the ratio ν2/ν1 =
1.5930 ± 0.0030.

where the superscript T denotes transpose.

Because the χ2-fit can trace its lineage to the method
of maximum likelihood,

χ2
(
θ̂ + σθ

)
= χ2

(
θ̂
)

+ ∆χ2 (44)

where θ̂ = (R̂2F, λ̂) is the vector of values that minimizes
χ2 (Eq. 35) and ∆χ2 is the quantile which defines the
confidence region;11

∆χ2 = F−1
χ2

(
1− erf

(√
2
−1
)
, nDOF

)
(45)

where F−1
χ2 is the inverse of the χ2 distribution function

and where, for a two-parameter fit and a confidence re-
gion corresponding to 1σ (i.e. 1 − γ = 0.683), nDOF is

the number of time gates minus two. Given R̂2F and λ̂,
we can minimize the function

χ2
1σ = E2F

T W−1 E2F −
[
χ2
(
R̂2F, λ̂

)
+ ∆χ2

]
(46)

to determine R′2F and λ′. The statistical errors on R2F

and λ were then computed as

σR2F
=
∣∣∣R′2F − R̂2F

∣∣∣ (47)

σλ =
∣∣∣λ′ − λ̂∣∣∣ (48)
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C. Statistical Relationship Between the Neutron
Multiplicity Distribution for 252Cf and the Detection
Efficiency

Given a neutron multiplicity distribution for sponta-
neous fission PSν → CSν for 252Cf shown in Table II, we
find from Eq. 20 that

R2F = ε× ν2/ν1 (49)

Let the combinatorial moments of CSν be

νj =

∞∑
n=j

CSν

(
ν
j

)
(50)

For a particular measurement using 252Cf, once a value
for R2F was obtained from the minimization of Eq. 35,
it was then a simple matter to compute the detection
efficiency ε from Eq. 49. Using an average of three
measurements for CSν

18–20, shown in Table II, the ratio
ν2/ν1 = 1.5930 ± 0.0030. This uncertainty was included
in the error on the detection efficiency ε.

IV. RESULTS

Results for measurements of the detection efficiency ε
determined using 252Cf are shown in Table III. Measure-
ments of the neutron diffusion time λ−1 with the BeRP
Ball are shown in Table IV. Results of these benchmark
measurements are shown in Table V.

For each experiment, the first figure shows Y2F vs. time
gate T for the 252Cf source that was used to determine
the detection efficiency ε. The second figure shows Y2F

vs. time gate T for the BeRP Ball in the correspond-
ing configuration used to determine the diffusion time
λ−1. The third figure shows the measured mass mS of the
240Pu after applying the measured detection efficiency ε
determined from the measurement with the 252Cf source.
The statistical error is shown separately from the error
that resulted from the determination of the diffusion time
λ−1. The fourth figure shows the measured multiplica-
tion M after applying the measured detection efficiency ε
determined from the measurement with the 252Cf source.
Again, the statistical error is shown separately from the
error that resulted from the determination of the diffu-
sion time λ−1. The fifth figure shows a comparison of
the measured and theoretical multiplicity distributions
for the example of T = 500 µs. The sixth figure shows
the multiplication M vs. mass mS of 240Pu determined
from the measurement. The error shown includes all enu-
merated sources of uncertainty. The true value of the
mass mS of 240Pu is shown for comparison.

A. Averaging and Treatment of Errors

When multiple measurements were made with the
same source configuration, the resulting measurements

were then averaged using the procedure adopted by the
Particle Data Group for the Review of Particle Physics.10

A weighted average and error were calculated as

x± σx =

∑
i wi xi∑
i wi

±
√∑

i wi (51)

where

wi =
1

σ2
xi

(52)

and where xi ± σxi were the value and error for the ith
measurement. The sums ran over the N measurements
for a particular source configuration. A χ2 was then cal-
culated in the usual way as

χ2 =
∑
i

wi (x− xi)2
(53)

and compared to N − 1, the expectation value of χ2 if
the measurements were Gaussian-distributed.

• If χ2/(N − 1) ≤ 1, the results were accepted.

• If χ2/(N − 1) > 1, the quoted error σx was increased
by a scale factor S defined as

S =

√
χ2

N − 1
(54)

with the reasoning that the large value of χ2 was likely
to be due to an underestimation of the errors in at
least one of the measurements. Not knowing which of
the errors were underestimated, it was assumed they
were all underestimated by the same factor S. By
scaling up all the input errors σxi by this factor, the
χ2 then became N − 1. Of course the output error
σx scaled up by the same factor. Because measure-
ments could be made with widely-varying count times,
the corresponding errors could also be widely varying.
The scale factor S was thus evaluated using only the
measurements with errors σxi ≤ 3σx

√
N . The reason-

ing was that, although the low-precision measurements
have little influence on the values x and σx, they can
make significant contributions to χ2 thus obscuring the
contribution of the high-precision measurements.10

This scaling procedure has the property that if there
are two values with comparable errors separated by much
more than their stated errors, the scaled-up error turns
out to be roughly half the interval between the two dis-
crepant values. It also in no way affects the central value.
And if one wishes to recover the unscaled error, one can
simply divide the quoted error by S.

The average values for the measured mass of 240Pu mS,
keff , multiplication M , and escape multiplication ME for
each source configuration are shown in Table VI.
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Thickness Dist. Detector Count Count Rate λ−1 ε (252Cf)
Reflector

(inches) (cm) Config. Time (s) (n/s)
R2F

(µs) (%)
χ2 nDOF

None 0 25 Open 328 1122.4 ± 1.8 0.0177 ± 0.0025 140 ± 70 1.11 ± 0.16 2.5 6
None 0 30 TPPT 309 1459.6 ± 2.2 0.018 ± 0.0025 130 ± 70 1.13 ± 0.16 4.6 6
Polyethylene 3 25 Open 305 5637 ± 4 0.0608 ± 0.0028 153 ± 18 3.81 ± 0.18 5.8 6
Polyethylene, Steel 3, 2 25 Open 3663 1475.8 ± 0.6 0.0161 ± 0.0006 83 ± 15 1.01 ± 0.04 10.8 6
Steel 2 25 Open 411 1692.8 ± 2 0.0226 ± 0.0018 70 ± 40 1.42 ± 0.12 5.8 6
Nickel 3 30 TPPT 547 1948.5 ± 1.9 0.0268 ± 0.0021 171 ± 33 1.68 ± 0.13 8.4 6
Nickel 3 50 TPPT 452 995.6 ± 1.5 0.0087 ± 0.0014 0 ± 0 0.55 ± 0.09 8.4 6
Tungsten 3 29 TPPT 609 2221 ± 1.9 0.0227 ± 0.0015 60 ± 32 1.43 ± 0.09 7.6 6
Tungsten 3 49 TPPT 637 1093.2 ± 1.3 0.0158 ± 0.0021 200 ± 60 0.99 ± 0.13 2.3 6

TABLE III. Measurements of the 252Cf in various reflectors. The detection efficiency ε was determined from the fits to R2F

from measurements of 252Cf in the same reflector with the Fission Meter at the same distanceand in the same configuration
(tubes-poly-poly-tubes — “TPPT,” or “Open”).

Thickness Dist. Detector Count Count Rate λ−1

Reflector
(inches) (cm) Config. Time (s) (n/s)

R2F
(µs)

χ2 nDOF

None 0 25 Open 363 7890 ± 5 0.1551 ± 0.0023 47 ± 6 1.9 6
None 0 30 TPPT 454 11269 ± 5 0.2211 ± 0.0024 73 ± 4 2.9 6
Polyethylene 3 25 Open 1016 116962 ± 11 7.809 ± 0.021 263.5 ± 1.2 19.7 6
Polyethylene, Steel 3, 2 25 Open 1004 32663 ± 6 2.132 ± 0.007 185.2 ± 1.3 6.5 6
Polyethylene, Steel 3, 2 25 Open 1217 33054 ± 5 2.163 ± 0.006 186.8 ± 1.1 11.5 6
Steel 2 25 Open 1706 11522.7 ± 2.6 0.2402 ± 0.0012 38.5 ± 1.8 3.4 6
Nickel 3 30 TPPT 488 31574 ± 8 1.619 ± 0.008 78.6 ± 1.7 6.2 6
Nickel 3 50 TPPT 647 15711 ± 5 0.786 ± 0.004 77 ± 1.8 2.2 6
Tungsten 3 29 TPPT 312 43391 ± 12 2.75 ± 0.016 75.7 ± 2 8.9 6
Tungsten 3 49 TPPT 312 21640 ± 8 1.374 ± 0.009 84.1 ± 2.3 2.0 6

TABLE IV. Measurements of the BeRP Ball in various reflectors. The neutron diffusion time λ1 was determined from the fits
to R2F. This quantity then fed into the fits of the multiplicity distributions to determine the measured mass of 240Pu mS and
keff .

Thickness Dist. Detector ε (252Cf) mSReflector
(inches) (cm) Config. (%) (g)

keff M ME χ2 nDOF

None 0 25 Open 1.11 ± 0.16 232 ± 26 0.756 ± 0.029 4.1 ± 0.5 3.07 ± 0.32 2493 141
None 0 30 TPPT 1.13 ± 0.16 277 ± 29 0.793 ± 0.022 4.8 ± 0.5 3.56 ± 0.34 1677 178
Polyethylene 3 25 Open 3.81 ± 0.18 269 ± 12 0.9380 ± 0.0033 16.1 ± 0.8 11.1 ± 0.6 4380 2040
Polyethylene, Steel 3, 2 25 Open 1.01 ± 0.04 282 ± 9 0.9382 ± 0.0021 16.2 ± 0.6 11.1 ± 0.4 2060 628
Polyethylene, Steel 3, 2 25 Open 1.01 ± 0.04 282 ± 13 0.9381 ± 0.0034 16.2 ± 0.9 11.1 ± 0.6 3927 566
Steel 2 25 Open 1.42 ± 0.12 239 ± 13 0.776 ± 0.012 4.46 ± 0.24 3.31 ± 0.16 297 206
Nickel 3 30 TPPT 1.68 ± 0.13 244 ± 15 0.907 ± 0.006 10.7 ± 0.7 7.5 ± 0.5 661 635
Nickel 3 50 TPPT 0.55 ± 0.09 311 ± 31 0.925 ± 0.008 13.3 ± 1.4 9.2 ± 0.9 360 350
Tungsten 3 29 TPPT 1.43 ± 0.09 282 ± 18 0.934 ± 0.005 15.3 ± 1.1 10.5 ± 0.7 729 1021
Tungsten 3 49 TPPT 0.99 ± 0.13 239 ± 22 0.923 ± 0.008 13.0 ± 1.3 9.0 ± 0.9 460 495

TABLE V. Measurements of the BeRP Ball in various reflectors. The detection efficiency ε was determined from a measurement
of 252Cf in the same reflector with the Fission Meter at the same distance and in the same configuration (tubes-poly-poly-
tubes “TPPT,” or open). The detection efficiency ε, the measured mass of 240Pu mS, keff , multiplication M , and the escape
multiplication ME are listed in the table.
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FIG. 1. Y2F vs. time gate T for bare 252Cf 25 cm from the
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confidence region) in the measurements.
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FIG. 2. Y2F vs. time gate T for the bare BeRP Ball 25 cm
from the detector. The green contour represents the 1σ errors
(68.3% confidence region) in the measurements.
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FIG. 3. Mass mS of 240Pu vs. detection efficiency ε for the
bare BeRP Ball 25 cm from the detector. The yellow contour
represents the 1σ statistical errors (68.3% confidence region)
in the measurements for the central value of λ. The red con-
tour represents the 1σ errors in the measurements due to the
measured error in λ. The central value is noted by the white
curve. The true mass of 240Pu = 266.8±0.5 g and is indicated
by the black horizontal line in the plot.
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FIG. 5. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the bare BeRP Ball
25 cm from the detector.
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FIG. 9. Mass mS of 240Pu vs. detection efficiency ε for the
bare BeRP Ball 30 cm from the detector. The yellow contour
represents the 1σ statistical errors (68.3% confidence region)
in the measurements for the central value of λ. The red con-
tour represents the 1σ errors in the measurements due to the
measured error in λ. The central value is noted by the white
curve. The true mass of 240Pu = 266.8±0.5 g and is indicated
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represents the 1σ statistical errors (68.3% confidence region)
in the measurements for the central value of λ. The red con-
tour represents the 1σ errors in the measurements for the
measured error in λ. The central value is noted by the white
curve.



11

0 5 10 15 20 25

10
−5

10
−4

10
−3

10
−2

10
−1

Bare BeRP Ball at 30 cm; TPPT

Number of Neutrons Counted in 500 µs

P
ro

ba
bi

lit
y

 

 

Measured Count Distribution
Theoretical Count Distribution

FIG. 11. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the bare BeRP Ball
30 cm from the detector.
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represents the 1σ errors (68.3% confidence region) in the mea-
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FIG. 14. Y2F vs. time gate T for the BeRP Ball in 3 inch
thick polyethylene 25 cm from the detector. The green con-
tour represents the 1σ errors (68.3% confidence region) in the
measurements.

0.036 0.0365 0.037 0.0375 0.038 0.0385 0.039 0.0395 0.04

250

255

260

265

270

275

280

285

290

BeRP Ball in 3 inches of Poly at 25 cm; Open

Detection Efficiency

M
as

s 
of

 24
0 P

u 
(g

)

 

 

Measured m
S
 ± σ

stat

Measured m
S
 ± σλ

True 240Pu Mass

FIG. 15. Mass mS of 240Pu vs. detection efficiency ε for
the BeRP Ball in 3 inch thick polyethylene 25 cm from the
detector. The yellow contour represents the 1σ statistical
errors (68.3% confidence region) in the measurements for the
central value of λ. The red contour represents the 1σ errors
in the measurements due to the measured error in λ. The
central value is noted by the white curve. The true mass of
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line in the plot.
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FIG. 16. Multiplication M vs. detection efficiency ε for the
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FIG. 17. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 3
inch thick polyethylene 25 cm from the detector.
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FIG. 19. Y2F vs. time gate T for 252Cf in 3 inch thick
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region) in the measurements.
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FIG. 20. Y2F vs. time gate T for the BeRP Ball in 3 inch thick
polyethylene and 2 inch thick steel 25 cm from the detector.
The green contour represents the 1σ errors (68.3% confidence
region) in the measurements.
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FIG. 21. Mass mS of 240Pu vs. detection efficiency ε for the
BeRP Ball in 3 inch thick polyethylene and 2 inch thick steel
25 cm from the detector. The yellow contour represents the
1σ statistical errors (68.3% confidence region) in the measure-
ments for the central value of λ. The red contour represents
the 1σ errors in the measurements due to the measured error
in λ. The central value is noted by the white curve. The true
mass of 240Pu = 266.8 ± 0.5 g and is indicated by the black
horizontal line in the plot.

0.0094 0.0096 0.0098 0.01 0.0102 0.0104 0.0106 0.0108 0.011

15

15.5

16

16.5

17

Test 1: BeRP Ball in 3 inches of Poly and
2 inches of Steel at 25 cm; Open

Detection Efficiency

M
ul

ti
pl

ic
at

io
n

 

 

Measured M ± σ
stat

Measured M ± σλ

FIG. 22. Multiplication M vs. detection efficiency ε for the
BeRP Ball in 3 inch thick polyethylene and 2 inch thick steel
25 cm from the detector. The yellow contour represents the
1σ statistical errors (68.3% confidence region) in the measure-
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λ. The central value is noted by the white curve.
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FIG. 23. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 3
inch thick polyethylene and 2 inch thick steel 25 cm from the detector.
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FIG. 24. Multiplication M vs. mass of 240Pu for the BeRP Ball in 3 inch thick polyethylene and 2 inch thick steel 25 cm from
the detector. The red trapezoidal contour represents the 1σ error (68.3% confidence region) in the measurement. The true
mass of 240Pu = 266.8 ± 0.5 g and is indicated by the black horizontal line in the plot.
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FIG. 25. Y2F vs. time gate T for 252Cf in 3 inch thick
polyethylene and 2 inch thick steel 25 cm from the detector.
The green contour represents the 1σ errors (68.3% confidence
region) in the measurements.
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FIG. 26. Y2F vs. time gate T for the BeRP Ball in 3 inch thick
polyethylene and 2 inch thick steel 25 cm from the detector.
The green contour represents the 1σ errors (68.3% confidence
region) in the measurements.
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FIG. 27. Mass mS of 240Pu vs. detection efficiency ε for the
BeRP Ball in 3 inch thick polyethylene and 2 inch thick steel
25 cm from the detector. The yellow contour represents the
1σ statistical errors (68.3% confidence region) in the measure-
ments for the central value of λ. The red contour represents
the 1σ errors in the measurements due to the measured error
in λ. The central value is noted by the white curve. The true
mass of 240Pu = 266.8 ± 0.5 g and is indicated by the black
horizontal line in the plot.
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FIG. 28. Multiplication M vs. detection efficiency ε for the
BeRP Ball in 3 inch thick polyethylene and 2 inch thick steel
25 cm from the detector. The yellow contour represents the
1σ statistical errors (68.3% confidence region) in the measure-
ments for the central value of λ. The red contour represents
the 1σ errors in the measurements for the measured error in
λ. The central value is noted by the white curve.
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FIG. 29. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 3
inch thick polyethylene and 2 inch thick steel 25 cm from the detector.
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FIG. 30. Multiplication M vs. mass of 240Pu for the BeRP Ball in 3 inch thick polyethylene and 2 inch thick steel 25 cm from
the detector. The red trapezoidal contour represents the 1σ error (68.3% confidence region) in the measurement. The true
mass of 240Pu = 266.8 ± 0.5 g and is indicated by the black horizontal line in the plot.
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FIG. 31. Y2F vs. time gate T for 252Cf in 2 inch thick steel
25 cm from the detector. The green contour represents the
1σ errors (68.3% confidence region) in the measurements.
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FIG. 32. Y2F vs. time gate T for the BeRP Ball in 2 inch thick
steel 25 cm from the detector. The green contour represents
the 1σ errors (68.3% confidence region) in the measurements.
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FIG. 33. Mass mS of 240Pu vs. detection efficiency ε for the
BeRP Ball in 2 inch thick steel 25 cm from the detector. The
yellow contour represents the 1σ statistical errors (68.3% con-
fidence region) in the measurements for the central value of λ.
The red contour represents the 1σ errors in the measurements
due to the measured error in λ. The central value is noted by
the white curve. The true mass of 240Pu = 266.8 ± 0.5 g and
is indicated by the black horizontal line in the plot.
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FIG. 34. Multiplication M vs. detection efficiency ε for the
BeRP Ball in 2 inch thick steel 25 cm from the detector. The
yellow contour represents the 1σ statistical errors (68.3% con-
fidence region) in the measurements for the central value of λ.
The red contour represents the 1σ errors in the measurements
for the measured error in λ. The central value is noted by the
white curve.
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FIG. 35. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 2
inch thick steel 25 cm from the detector.
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FIG. 36. Multiplication M vs. mass of 240Pu for the BeRP Ball in 2 inch thick steel 25 cm from the detector. The red trapezoidal
contour represents the 1σ error (68.3% confidence region) in the measurement. The true mass of 240Pu = 266.8 ± 0.5 g and is
indicated by the black horizontal line in the plot.
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FIG. 37. Y2F vs. time gate T for 252Cf in 3 inch thick nickel
30 cm from the detector. The green contour represents the
1σ errors (68.3% confidence region) in the measurements.
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FIG. 38. Y2F vs. time gate T for the BeRP Ball in 3 inch thick
nickel 30 cm from the detector. The green contour represents
the 1σ errors (68.3% confidence region) in the measurements.
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FIG. 39. Mass mS of 240Pu vs. detection efficiency ε for the
BeRP Ball in 3 inch thick nickel 30 cm from the detector. The
yellow contour represents the 1σ statistical errors (68.3% con-
fidence region) in the measurements for the central value of λ.
The red contour represents the 1σ errors in the measurements
due to the measured error in λ. The central value is noted by
the white curve. The true mass of 240Pu = 266.8 ± 0.5 g and
is indicated by the black horizontal line in the plot.
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FIG. 40. Multiplication M vs. detection efficiency ε for the
BeRP Ball in 3 inch thick nickel 30 cm from the detector.
The yellow contour represents the 1σ statistical errors (68.3%
confidence region) in the measurements for the central value
of λ. The red contour represents the 1σ errors in the mea-
surements for the measured error in λ. The central value is
noted by the white curve.
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FIG. 41. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 3
inch thick nickel 30 cm from the detector.
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FIG. 42. Multiplication M vs. mass of 240Pu for the BeRP Ball in 3 inch thick nickel 30 cm from the detector. The red
trapezoidal contour represents the 1σ error (68.3% confidence region) in the measurement. The true mass of 240Pu = 266.8±0.5
g and is indicated by the black horizontal line in the plot.
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FIG. 43. Y2F vs. time gate T for 252Cf in 3 inch thick nickel
50 cm from the detector. The green contour represents the
1σ errors (68.3% confidence region) in the measurements.
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FIG. 44. Y2F vs. time gate T for the BeRP Ball in 3 inch thick
nickel 50 cm from the detector. The green contour represents
the 1σ errors (68.3% confidence region) in the measurements.
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FIG. 45. Mass mS of 240Pu vs. detection efficiency ε for the
BeRP Ball in 3 inch thick nickel 50 cm from the detector. The
yellow contour represents the 1σ statistical errors (68.3% con-
fidence region) in the measurements for the central value of λ.
The red contour represents the 1σ errors in the measurements
due to the measured error in λ. The central value is noted by
the white curve. The true mass of 240Pu = 266.8 ± 0.5 g and
is indicated by the black horizontal line in the plot.
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FIG. 46. Multiplication M vs. detection efficiency ε for the
BeRP Ball in 3 inch thick nickel 50 cm from the detector.
The yellow contour represents the 1σ statistical errors (68.3%
confidence region) in the measurements for the central value
of λ. The red contour represents the 1σ errors in the mea-
surements for the measured error in λ. The central value is
noted by the white curve.
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FIG. 47. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 3
inch thick nickel 50 cm from the detector.
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FIG. 48. Multiplication M vs. mass of 240Pu for the BeRP Ball in 3 inch thick nickel 50 cm from the detector. The red
trapezoidal contour represents the 1σ error (68.3% confidence region) in the measurement. The true mass of 240Pu = 266.8±0.5
g and is indicated by the black horizontal line in the plot.
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FIG. 49. Y2F vs. time gate T for 252Cf in 3 inch thick tungsten
29 cm from the detector. The green contour represents the
1σ errors (68.3% confidence region) in the measurements.
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FIG. 50. Y2F vs. time gate T for the BeRP Ball in 3 inch
thick tungsten 29 cm from the detector. The green contour
represents the 1σ errors (68.3% confidence region) in the mea-
surements.
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FIG. 51. Mass mS of 240Pu vs. detection efficiency ε for the
BeRP Ball in 3 inch thick tungsten 29 cm from the detec-
tor. The yellow contour represents the 1σ statistical errors
(68.3% confidence region) in the measurements for the cen-
tral value of λ. The red contour represents the 1σ errors
in the measurements due to the measured error in λ. The
central value is noted by the white curve. The true mass of
240Pu = 266.8±0.5 g and is indicated by the black horizontal
line in the plot.
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FIG. 52. Multiplication M vs. detection efficiency ε for the
BeRP Ball in 3 inch thick tungsten 29 cm from the detector.
The yellow contour represents the 1σ statistical errors (68.3%
confidence region) in the measurements for the central value
of λ. The red contour represents the 1σ errors in the mea-
surements for the measured error in λ. The central value is
noted by the white curve.
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FIG. 53. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 3
inch thick tungsten 29 cm from the detector.
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FIG. 54. Multiplication M vs. mass of 240Pu for the BeRP Ball in 3 inch thick tungsten 29 cm from the detector. The red
trapezoidal contour represents the 1σ error (68.3% confidence region) in the measurement. The true mass of 240Pu = 266.8±0.5
g and is indicated by the black horizontal line in the plot.
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FIG. 55. Y2F vs. time gate T for 252Cf in 3 inch thick tungsten
49 cm from the detector. The green contour represents the
1σ errors (68.3% confidence region) in the measurements.
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FIG. 56. Y2F vs. time gate T for the BeRP Ball in 3 inch
thick tungsten 49 cm from the detector. The green contour
represents the 1σ errors (68.3% confidence region) in the mea-
surements.
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FIG. 57. Mass mS of 240Pu vs. detection efficiency ε for the
BeRP Ball in 3 inch thick tungsten 49 cm from the detec-
tor. The yellow contour represents the 1σ statistical errors
(68.3% confidence region) in the measurements for the cen-
tral value of λ. The red contour represents the 1σ errors
in the measurements due to the measured error in λ. The
central value is noted by the white curve. The true mass of
240Pu = 266.8±0.5 g and is indicated by the black horizontal
line in the plot.
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FIG. 58. Multiplication M vs. detection efficiency ε for the
BeRP Ball in 3 inch thick tungsten 49 cm from the detector.
The yellow contour represents the 1σ statistical errors (68.3%
confidence region) in the measurements for the central value
of λ. The red contour represents the 1σ errors in the mea-
surements for the measured error in λ. The central value is
noted by the white curve.
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FIG. 59. Probability of counting n neutrons in a randomly-triggered time gate of duration T = 500 µs for the BeRP Ball in 3
inch thick tungsten 49 cm from the detector.
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FIG. 60. Multiplication M vs. mass of 240Pu for the BeRP Ball in 3 inch thick tungsten 49 cm from the detector. The red
trapezoidal contour represents the 1σ error (68.3% confidence region) in the measurement. The true mass of 240Pu = 266.8±0.5
g and is indicated by the black horizontal line in the plot.
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Mass mS of Scale Thickness Scale Scale Scale
240Pu (g) factor

Reflector
(inches)

keff
factor

M
factor

ME
factor

None 0 0.779 ± 0.018 4.45 ± 0.35 3.3 ± 0.24
Polyethylene 3 0.9380 ± 0.0033 16.1 ± 0.8 11.1 ± 0.6
Polyethylene, Steel 3, 2 0.9382 ± 0.0018 16.2 ± 0.5 11.1 ± 0.33

267 ± 7 S = 1.4
Steel 2 0.776 ± 0.012 4.46 ± 0.24 3.31 ± 0.16
Nickel 3 0.913 ± 0.009 S = 1.8 11.2 ± 1.0 S = 1.7 7.9 ± 0.7 S = 1.7
Tungsten 3 0.931 ± 0.005 S = 1.2 14.3 ± 1.1 S = 1.4 9.9 ± 0.7 S = 1.3

TABLE VI. Combined measurements of the BeRP Ball in various reflectors. Combined measurements of the mass of 240Pu
mS, keff , multiplication M , and the escape multiplication ME are listed.
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V. CONCLUSIONS

These measurements came reasonably close to repro-
ducing the known mass mS of 240Pu in the BeRP Ball.
The combined measurement gave mS = 267 ± 7 grams
which compared very favorably to the known value from
isotopics of mS = 266.8± 0.5. This proximity gives addi-
tional credence to the measured values for keff , multipli-
cation M , and escape multiplication ME shown in Table
VI.
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